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1 Introduction

The Holstein model [1] describes non interacting electronson a lattice cou-
pled to dispersionless phonons. For one electron in the system, the bare
electron is dressed by a cloud of bosonic excitations and is called a polaron.
The properties of this new particle are still puzzling, although this problem
is very old and has been solved numerically for finite or infinite size sys-
tems [2]. Most of these works are devoted to study the Green’sfunction of
the bare electron,G(k, ω), which can be measured by photoemission ex-
periments, and not to understand the fundamental nature of the polaron as
a dressed particle [3, 4]. The difficulty arise from the fact that only in the
atomic limit of the problem, a small polaron operator can be mathematically
constructed, and its Green’s functioñG(ω) defined.

Within the Local Impurity Self-Consistent Approximation [5], which be-
comes exact in the limit of infinite dimensions, the analytical expression of
the local Green’s function for the electron [6] has strong simililarities with
its counterpart in the atomic limit, so it is worth to review this local approxi-
mation in the spirit of the small polaron physics, and to learn how to compute
the Green’s functioñG(k, z) of the small polaron.

For one electron in the system, the Hamiltonian reads

H = ε0

∑

j

c†jcj − t0
∑

j,δ

c†j+δcj + ω0

∑

j

b†jbj (1)

−g0ω0

∑

j

c†jcj(b
†
j + bj),

wherec†j and cj creates and annihilates an electron at siteRj , b†j and bj

creates and annihilates a bosonic excitation at siteRj . The sum overj runs
over theM sites of the lattice, the sum overδ runs over nearest neighbors,
ω0 is the optical frequency of the phonons,ε0 is the atomic energy,t0 is the
hopping energy, andg0 is a dimensionless coupling constant. We define the
basis states of the phonons as|n〉, with b†jbj |n〉 = nj|n〉. For one electron

in the system, the basis states arec†j|n〉. At zero temperature, the polaron
problem is to compute the Green’s function for the electron

Gm,n
i,j (z) = 〈m|ci

1

z − H
c†j |n〉 (2)
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This Green’s function contains all the physics of the problem. On the ground
state of the phonons, that isG0,0

i,j (z), we have just access to the excitations
of the bare electron,G(k, ω). In this paper, we focus on the Green’s function
of the small polaron,

G̃0,0
i,j (z) = 〈0|U †

i ci
1

z − H
c†jUj |0〉 (3)

whereUj is a local operator defined from the atomic limit of the problem.

2 Basic ideas of DMFT

The Dynamical Mean Field Theory, or DMFT, deals with correlated elec-
trons on a lattice and reduces the problem to a single site embedded self-
consistently in an effective medium [5], so the the first ideais to focus on a
single site,o,

H = H(o) − t0
∑

δ

c†o+δco + H(⊙) (4)

with
H(o) = ε0c

†
oco + ω0b

†
obo − g0ω0(b

†
o + bo)c

†
oco (5)

and to define an effective Hamiltonian for this single site

Ho = H(o) + H
(o)
W . (6)

The termH
(o)
W describes the effective medium.

Consider the one particle Green’s function for the electronat this siteo
on the vacuum of the phonons

Go,o(t) =
θ(t)

ih̄
〈0|co(t)c

†
o|0〉. (7)

We obtain the equation of evolution

ih̄∂tGo,o(t) = δ(t) + ε0Go,o(t) − t0
∑

δ

Go+δ,o(t) + Fo,o(t) (8)

with

Fo,o(t) =
θ(t)

ih̄
〈0|[co,H

(o) − ε0c
†
oco](t)c

†
o|0〉. (9)
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Going to complex valued frequencies, we get

zGo,o(z) = 1 + ε0Go,o(z) − t0
∑

δ

Go+δ,o(z) + Fo,o(z). (10)

We see that we can obtain a closed solution for the local Green’s function if
we can define a local Weiss’s self-energy

−t0
∑

δ

Go+δ,o(z) = Wo,o(z)Go,o(z) (11)

and a local interaction self-energy

Fo,o(z) = Σo,o(z)Go,o(z). (12)

Then the solution is

Go,o(z) =
1

z − ε0 − Wo,o(z) − Σo,o(z)
. (13)

Now, without approximation, for a periodic lattice, we knowthat the equa-
tion of evolution has the form

zG(k, z) = 1 + ε0G(k, z) + ξkG(k, z) + Σ(k, z)G(k, z). (14)

We have introduced the Fourier transforms

cj =
1√
M

∑

k

eikRj ck, (15)

Gi,j(z) =
1

M

∑

k

eik(Ri−Rj) G(k, z), (16)

−t0
∑

δ

Gi+δ,i(z) =
∑

k

ξkG(k, z). (17)

If we chooseΣ(k, z) = Σ(z), we obtain

1

M

∑

k

ξkG(k, z) = W (z)G(z) (18)

with

G(k, z) =
1

z − ε0 − ξk − Σ(z)
(19)
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and

G(z) =
1

M

∑

k

G(k, z) =
1

z − ε0 − W (z) − Σ(z)
. (20)

We thus see that we can set up a local approximation for our lattice Hamil-
tonian if we put by hand that the self-energy is local, and geta Weiss’s self-
energy that depends only of the lattice and of this local self-energy.

Let us consider a two-site problem. In this case we haveξk = ±t0, so
the local Green’s function is given by

G(z) =
1

2

[

1

z − ε0 − t0 − Σ(z)
+

1

z − ε0 + t0 − Σ(z)

]

, (21)

and we obtain the expression of the Weiss’s self-energy

W (z) =
t20

z − ε0 − Σ(z)
. (22)

At this stage, we introduce the Renormalized Perturbation Expansion,
or RPE [7]. Within the DMFT, the equation of evolution of the Green’s
function, for a periodic lattice, is

zGi,j(z) = δi,j + ε0Gi,j(z) − t0
∑

δ

Gi+δ,j(z) + Σ(z)Gi,j(z). (23)

We can thus define a free propagator

G
(0)
i,j (z) =

δi,j

z − ε0 − Σ(z)
(24)

and set a Dyson’s equation with the hopping term as the non diagonal part of
the Hamiltonian. Figure 1(a) corresponds to the contribution

Gi,j = G
(0)
i,i t0G

(0)
n1,n1 t0G

(0)
j,j (25)

and Figure 1(b) corresponds to the contribution

Gi,i = G
(0)
i,i t0G

(0)
n1,n1 t0G

(0)
n2,n2 t0G

(0)
n3,n3 t0G

(0)
i,i . (26)

The RPE states that one uses renormalized Green’s functionsas we sum over
all paths. The above contribution forGi,j becomes

Gi,j = Gi,i t0Gn1,n1[i] t0Gj,j,[i,n1] (27)
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n1 n2

n3ii

j

(a) (b)

n1

Figure 1: Path (a) is a contribution toGi,j and path (b) toGi,i.

whereGn1,n1[i] is the renormalized Green’s function for siten1 for a lattice
where the sitei has been removed, andGj,j,[i,n1] is the renormalized Green’s
function for sitej where sitesi andn1 have been removed from the lattice.
The contribution forGi,i becomes

Gi,i = Gi,i t0Gn1,n1[i] t0Gn2,n2[i,n1] t0Gn3,n3[i,n1,n2] t0G
(0)
i,i . (28)

The last factorG(0)
i,i is the unrenormalized Green’s function since the first

factorGi,i takes account of the renormalization.
Let us consider a one dimensional infinite lattice. The equation for Gi,i

is

Gi,i = G
(0)
i,i + t20Gi,iGi+1,i+1[i]G

(0)
i,i + t20Gi,iGi−1,i−1[i]G

(0)
i,i . (29)

Within the RPE, the pathi → i + 1 → i + 2 → i + 1 → i is not allowed
since the sitei + 1 has been removed of the lattice. Next, we get

Gi+1,i+1[i] = G
(0)
i+1,i+1 + t20Gi+1,i+1[i]Gi+2,i+2[i,i+1]G

(0)
i+1,i+1. (30)

We notice thatGi+2,i+2[i,i+1] = Gi+2,i+2[i+1]. We thus obtain the solution
for the local Green’s function as a continued fraction expansion,

Gi,i(z) =
1

z − ε0 − Σ(z) − 2t20Φ(z)
(31)

with the self-consistent equation forΦ(z),

Φ(z) =
1

z − ε0 − Σ(z) − t20Φ(z)
. (32)
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For the two-site cluster, we obtain the equations

G1,1 = G
(0)
1,1 + t20G1,1G2,2[1]G

(0)
1,1 (33)

andG2,2[1] = G
(0)
2,2. The local Green’s function is thus

G1,1(z) =
1

z − ε0 − Σ(z) − t20
z − ε0 − Σ(z)

. (34)

For the Bethe lattice withZ neighbors, we obtain

Gi,i = G
(0)
i,i +

∑

δ

t20Gi,iGi+δ,i+δ[i]G
(0)
i,i (35)

and
Gi+δ,i+δ[i] = G

(0)
i+δ,i+δ (36)

+
∑

δ′

t20Gi+δ,i+δ[i]Gi+δ+δ′,i+δ+δ′[i,i+δ]G
(0)
i+δ,i+δ.

For the sitei there isZ indentical contributions, while for sitei + δ there is
only Z − 1 contributions since the path back toi is forbiden. We obtain the
solution for the local Green’s function

Gi,i(z) =
1

z − ε0 − Σ(z) − Zt20Φ(z)
(37)

with the recursive expansion

Φ(z) =
1

z − ε0 − Σ(z) − (Z − 1)t20Φ(z)
. (38)

Now, if we take the limitZ → ∞ with the scalingt0 → t0/
√

Z, we obtain
W (z) = t20G(z).

Consider now a non periodic lattice. In this case the equations of evolu-
tion, within the DMFT, are

zGi,j(z) = δi,j + ε0Gi,j(z) + Σi(z)Gi,j(z) − t0
∑

δ

Gi+δ,j(z) (39)
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and we define the free propagators of the RPE as

G
(0)
i,i (z) =

1

z − ε0 − Σi(z)
. (40)

For a three-site problem, with open boundary conditions, weget the equa-
tions of evolution



























zG1,1(z) = 1 + (ε0 + Σ1(z))G1,1(z) − t0G1,2(z)

zG2,1(z) = (ε0 + Σ2(z))G2,1(z) − t0G1,1(z) − t0G3,1(z)

zG3,1(z) = (ε0 + Σ3(z))G3,1(z) − t0G2,1(z)

(41)

In the language of the RPE, we write































G1,1(z) = G
(0)
1,1(z) + t20G1,1(z)G2,2[1](z)G

(0)
1,1(z)

G2,2[1](z) = G
(0)
2,2(z) + t20G2,2[1](z)G3,3[1,2](z)G

(0)
2,2(z)

G3,3[1,2](z) = G
(0)
3,3(z)

(42)

and obtain the solution as

G1,1(z) =
1

z − ε0 − Σ1(z) − W1(z)
(43)

with

W1(z) =
t20

z − ε0 − Σ2(z) − t20
z − ε0 − Σ3(z)

. (44)

ForG2,2(z), we obtain

G2,2(z) =
1

z − ε0 − Σ2(z) − W2(z)
(45)

with

W2(z) =
t20

z − ε0 − Σ1(z)
+

t20
z − ε0 − Σ3(z)

. (46)
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In this case,Σ1(z) = Σ3(z) andW1(z) = W3(z). We notice thatG1,2(z) =
−t0G1,1(z)G2,2[1](z) and G1,3(z) = t20G1,1(z)G2,2[1](z)G3,3[1,2](z), i.e.
that all the non-diagonal Green’s functions can be expressed in terms of local
Green’s functions (that may differ by their Weiss’s self-energies). We notice,
also, that the Weiss’s self-energy of a given site involves only the interacting
self-energies of the other sites.

3 Atomic Solution

For a single site, the Hamiltonian reads

Hat = ε0c
†c + ω0b

†b − g0ω0c
†c(b† + b). (47)

The basis states of the phonons are|n〉, with b†b|n〉 = n|n〉. The Hamil-
tonian commutes with the number of electronc†c, so one can diagonalize
it in each subspace. Forc†c = 0, one gets an harmonic oscillator with
Hat|n〉 = nω0|n〉. For c†c = 1, one gets a displaced harmonic oscillator
with Hat|n) = (ε0 − g2

0ω0 + nω0)|n). The eigenstates are|n) = U |n〉
whereU is the unitary operator

U = eg0(b†−b) = e−
1

2
g2

0eg0b†e−g0b (48)

with the propertiesU †bU = b + g0 andU †b†U = b† + g0 [8]. The Green’s
function of the electron is given by

Gm,n
at (z) = 〈m|c 1

z − Hat
c†|n〉. (49)

Since we compute it for one electron, we get

Gm,n
at (z) = 〈m| 1

z − ε0 − ω0b†b + g0ω0(b† + b)
|n〉. (50)

Next, we define the atomic polaron, or small polaron, creation operator as
c̃† = Uc†. When acting on the state|n〉 it creates an electron and a coherent
state|n) = U |n〉. The Green’s function of the small polaron is given by

G̃m,n
at (z) = 〈m|U †c

1

z − Hat
c†U |n〉 =

δm,n

z − ε0 + g2
0ω0 − mω0

. (51)
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Instead of writing matrix elements, one can directly write the operator form
of these local Green’s functions:

Gat(z) =
1

z − ε0 − ω0b†b + g0ω0X
(52)

and

G̃at(z) =
1

z − ε̃0 − ω0b†b
(53)

with ε̃0 = ε0 − g2
0ω0 andX = b† + b. We notice the relatioñGat(z) =

U †
Gat(z)U .
Finally, we introduce the unitary transformation that diagonalizeHat,

such thateS = 1 for c†c = 0 and eS = U for c†c = 1. This is just
S = g0c

†c(b† − b). One obtains the transformed Hamiltonian as

H̃at = e−SHeS = ε̃0c
†c + ω0b

†b. (54)

It describes a free fermionic small polaron and free bosonicexcitations.

4 Standard DMFT solution

In the Local Impurity Self-Consistent Approximation [5], one defines a local
HamiltonianHloc for an given siteo, which contains the atomic Hamiltonian
Hat and a Weiss’s HamiltonianHW , given by

HW =
∑

k

εkc
†
kck +

∑

k

vk[c
†
kc + c†ck]. (55)

Here,ck andc†k are auxiliary fermionic annihilation and creation operators.
They mimic the contribution of the other sites of the lattice. The parameters
εk andvk are chosen to fit the Weiss’s self-energy of this given site,W (z).
Since there is only one electron in our problem, we have the condition c†c +
∑

k c†kck = 1. The basis states of the problem arec†|n〉 andc†k|n〉, so we can
define Green’s functions for these auxiliary fermions as

Gm,n
k,k (z) = 〈m|ck

1

z − Hloc
c†k|n〉. (56)

The problem is to compute the local Green’s function for the electron

G
m,n
loc (z) = 〈m|c 1

z − Hloc
c†|n〉. (57)
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Let us first compute the local Green’s function forg0 = 0. We define
diagonal Green’s functions forvk = 0 and then use the Dyson’s equation.
The diagonal Green’s functions are

G(0)
o,o(z) =

1

z − ε0 − ω0b†b
(58)

and

G
(0)
k,k(z) =

1

z − εk − ω0b†b
. (59)

The Dyson’s equations are










Go,o(z) = G
(0)
o,o(z) +

∑

k vkG
(0)
o,o(z)Gk,o(z)

Gk,o(z) = vkG
(0)
k,k(z)Go,o(z)

(60)

with the solution

G
(0)
loc(z) = Go,o(z) =

1

z − ε0 − ω0b†b − W (z − ω0b†b)
(61)

and

W (z) =
∑

k

v2
k

z − εk
. (62)

For g0 6= 0, we consider the local Hamiltonian for the small polaron
H̃loc = e−SHloce

S . The diagonal part is given by

H̃
(0)
loc = ε̃0c

†c + ω0b
†b +

∑

k

εkc†kck (63)

so we define the free Green’s functions

G̃(0)
o,o(z) =

1

z − ε̃0 − ω0b†b
(64)

and

G
(0)
k,k(z) =

1

z − εk − ω0b†b
. (65)

The interaction part is given by

H̃
(1)
loc (z) =

∑

k

vk[Uc†kc + U †c†ck]. (66)
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One obtains the Dyson’s equations











G̃o,o(z) = G̃
(0)
o,o(z) +

∑

k vkG̃
(0)
o,o(z)U †Gk,o(z)

Gk,o(z) = vkG
(0)
k,k(z)UG̃o,o(z)

(67)

and the solution

G̃loc(z) = G̃o,o(z) =
1

z − ε̃0 − ω0b†b − W̃(z)
(68)

with W̃(z) = U †W (z − ω0b
†b)U . Finally, we useG̃loc(z) = U †

Gloc(z)U
and get the solution of the problem

Gloc(z) =
1

z − ε0 − ω0b†b + gω0X − W (z − ω0b†b)
. (69)

We notice thatGloc(z) = Gat(z − W (z − ω0b
†b)). Once again, we use the

Dyson’s equation to computeG0,0
loc(z) with

G
(0)
loc(z) =

1

z − ε0 − ω0b†b − W (z − ω0b†b)
(70)

and
Gloc(z) = G

(0)
loc(z) − g0ω0G

(0)
loc(z)XGloc(z). (71)

We obtain the solution

G
0,0
loc(z) =

1

z − ε0 − W (z) − g2
0ω

2
0Λ1(z;W (z))

(72)

with
Λn(z;W (z)) = (73)

1

z − ε0 − nω0 − W (z − nω0) − (n + 1)g2
0ω

2
0Λn+1(z;W (z))

.

Writing the solution as

G
0,0
loc(z) =

1

z − ω0 − W (z) − Σ(z)
(74)

we identify the self-energy.
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We have thus obtained the desired local interaction self-energyΣi(z) of
a given site as a function only of its local Weiss’s self-energy, i.e. Σi(z) =
g2
0ω

2
0Λ1(z;Wi(z)). Now, since we can obtain the local Weiss’s self-energy

as a function of the local interaction self-energies of all the other sites, we
have solved the problem.

5 General Framework

Consider the Green’s function of the small polaron

G̃m,n
i,j (z) = 〈m|U †

i ci
1

z − H
c†jUj |n〉 (75)

with Uj = eg0(b
†
j
−bj). Writing the HamiltonianH = H(0) + V , whereV is

the hopping part, one obtains

〈m|U †
i ci

1

z − H(0)
c†jUj |n〉 =

δi,jδm,n

z − 〈m|U †
j H(0)Uj |m〉

. (76)

We thus define the free local Green’s function as

G̃
(0)
i,i (z) =

1

z − ε̃0 − ω0
∑

j b†jbj

(77)

and get the Dyson’s equation

G̃i,i(z) = G̃
(0)
i,i (z) − t0

∑

δ

G̃
(0)
i,i (z)U †

i Ui+δG̃i+δ,i(z). (78)

Now, we use the relatioñGi,j(z) = U †
i Gi,j(z)Uj to obtain the Dyson’s equa-

tion for the Green’s function of the electron

Gi,i(z) = G
(0)
i,i (z) − t0

∑

δ

G
(0)
i,i (z)Gi+δ,i(z) (79)

with

G
(0)
i,i (z) =

1

z − ε0 + g0ω0Xi − ω0
∑

j b†jbj

. (80)

This is the Dyson’s equation for a free electron on the lattice.
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For a two-site problem, the local Green’s functions are given by

G1,1(z) =
1

z − ε0 − ω0(b
†
1b1 + b†2b2) + g0ω0X1 − t20G

(0)
2,2(z)

(81)

and

G̃1,1(z) =
1

z − ε̃0 − ω0(b
†
1b1 + b†2b2) − t20U

†
1G

(0)
2,2(z)U1

(82)

with

G
(0)
2,2(z) =

1

z − ε0 − ω0(b
†
1b1 + b†2b2) + g0ω0X2

. (83)

We now consider a finite chain of lengthM . The interaction part reads

V = −t0

M−1
∑

j=1

(c†jcj+1 + c†j+1cj). (84)

Consider the problem to compute the Green’s function for thefirst site of the
chain, that isG1,1(z), and call it, for a while, the local Green’s function of
the problem.

In the language of the RPE one gets

G1,1(z) =
1

K
(0)
1,1 (z) − t20G2,2[1](z)

(85)

with K
(0)
i,i (z) = [G

(0)
i,i (z)]−1 andG2,2[1](z) the Green’s function with inter-

action between site1 and site2 removed. Next, we obtain

G2,2[1](z) =
1

K
(0)
2,2 (z) − t20G3,3[1,2](z)

(86)

and so on, until the end of the chain,

GM,M [1,...,M−1](z) = G
(0)
M,M (z). (87)

We notice thatG2,2[1](z) is diagonal in the basis of site1, thatG3,3[1,2](z)
is diagonal in the basis of site1 and2, and so on. This means that one can
computeG2,2[1](z) in the basis of all the sites but site1. If we writeG

[1]
2,2[1](z)

13



this Green’s function, then one getsG2,2[1](z) = G
[1]
2,2[1](z − ω0b

†
1b1). The

same way, one getsG3,3[1,2](z) = G
[1]
3,3[1,2](z − ω0b

†
2b2) or G3,3[1,2](z) =

G
[1,2]
3,3[1,2](z − ω0b

†
1b1 − ω0b

†
2b2). We also notice thatG[1]

2,2[1](z) is the local

Green’s function for the chain with site1 removed, thatG[1,2]
3,3[1,2](z) is the

local Green’s function with sites1 and2 removed, and so on. The Dyson’s
equations become

G1,1(z) = G
(0)
1,1(z) + t20G1,1(z)G

[1]
2,2[1](z − ω0b

†
1b1)G

(0)
1,1(z)

G
[1]
2,2[1](z) = G

[1](0)
2,2 (z) + t20G

[1]
2,2[1](z)G

[1,2]
3,3[1,2](z − ω0b

†
2b2)G

[1](0)
2,2 (z)

...
...

...
(88)

Finally, we consider a Bethe lattice with coordination number Z. The
Dyson’s equation for the central siteo is

Go,o(z) = G(0)
o,o(z) + t20

∑

δ

Go,o(z)Gδ,δ[o](z)G(0)
o,o(z). (89)

The sumδ runs over itsZ nearest neighbors. Again,Gδ,δ[o](z) is a diagonal

operator in the basis of siteo and we writeGδ,δ[o](z) = G
[o]
δ,δ[o](z − ω0b

†b).
Next, for one of the neighbors, the Dyson’s equation reads

Gδ,δ[o](z) = G
(0)
δ,δ (z) + t20

∑

δ′

Gδ,δ[o](z)Gδ+δ′ ,δ+δ′[o,δ](z)G
(0)
δ,δ (z). (90)

The sumδ′ runs overs itsZ − 1 nearest neigbhors (not the siteo). Again
Gδ+δ′ ,δ+δ′[o,δ](z) is a diagonal operator in the basis of siteso andδ.

Notice that for a Bethe lattice in infinite dimensions, we canuse the
cavity method [5] and obtain directly the solution of the DMFT for Gloc(z).
Consider a central siteo, on the lattice, withZ neighbors. Starting from the
Dyson’s equation (89), we develops in power oft20,

Go,o(z) = G
(0)
o,o(z)

+ t20
∑

δ G
(0)
o,o(z)Gδ,δ[o](z)G

(0)
o,o(z)

+ t40
∑

δ,δ′ G
(0)
o,o(z)Gδ,δ[o](z)G

(0)
o,o(z)Gδ′ ,δ′[o](z)G

(0)
o,o(z)

+ . . .

(91)
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and then take the expectation value on the vacuum of all the sites, but the
central site. We introduce the unknown local Green’s functionGloc(z), since
for Z → ∞, the expectation value ofGo,o(z) andGδ,δ[o](z) should corre-

spond toG0,0
loc(z). At order t20 one obtains the contribution to the Weiss’s

self-energy
Zt20G

0,0
loc(z − ω0b

†b). (92)

At ordert40 one obtains two contributions. The first is just

Z(Z − 1)[t20G
0,0
loc(z − ω0b

†b)]2, (93)

while the other contribution is

Zt40
∑

q

G
0,q
loc(z − ω0b

†b)Gat(z − qω0)G
q,0
loc(z − ω0b

†b). (94)

For Z → ∞ and the rescalingt0 → t0/
√

Z only a single term survives at
each step in the development in power oft20 and we get the Weiss’s self en-
ergy t20G

0,0
loc(z − ω0b

†b). Since,Go,o(z) should also correspond toGloc(z),
we obtainG−1

loc(z) = G
−1
at (z)−W (z−ω0b

†b) and the self-consistent equa-
tion W (z) = t20G

0,0
loc(z).

6 Revisited DMFT solution

Consider the two-site problem with the following effectiveHamiltonian for
site1

H1 = ε0c
†
1c1 + ω0b

†
1b1 − g0ω0X1c

†
1c1 + HW (95)

with

HW = ε0c
†
2c2 − t0(c

†
1c2 + hc) +

∑

k

akα
†
kαk +

∑

k

bk(c
†
2αk + hc). (96)

The parametersak andbk are choosen such that

Σ2(z) =
∑

k

b2
k

z − ak
. (97)

We use the equations of evolution to computeG0,0
1,1(z). We get

ih̄∂tG
0,0
1,1(t) = δ(t) + ε0G

0,0
1,1(t) − t0G

0,0
2,1(t) − g0ω0G

1,0
1,1(t) (98)
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and
ih̄∂tG

n,0
1,1 (t) = (ε0 + nω0)G

n,0
1,1 (t) − t0G

n,0
2,1 (t) (99)

−g0ω0

√
nGn−1,0

1,1 (t) − g0ω0

√
n + 1Gn+1,0

1,1 (t).

Now, we use the fact that

Gn,0
2,1 (z) =

−t0G
n,0
1,1 (z)

z − ε0 − nω0 − Σ2(z − nω0)
(100)

so we get the solution

zG0,0
1,1(z) = 1 + (ε0 + Σ1(z))G0,0

1,1(z) − t0G
0,0
2,1(z) (101)

or

G0,0
1,1(z) =

1

z − ω0 − Σ1(z) − W1(z)
(102)

with Σ1(z) = g2
0ω

2
0Λ1(z;W1(z)) and

W1(z) =
t20

z − ε0 − Σ2(z)
. (103)

If we use the equations of evolution to computeG0,0
2,2(z), we obtain

G0,0
2,2(z) =

1

z − ε0 − Σ2(z) − t20
z − ε0 − Σ1(z)

. (104)

We thus obtain the desired self-consistent result, given bythe standard solu-
tion.

For a given siteo, the effective Hamiltonian is

Ho = ε0c
†
oco + ω0b

†
obo − g0ω0Xoc

†
oco + HW (105)

with
HW = ε0

∑

i6=o

c†i ci − t0
∑

i,δ

c†i+δci (106)

+
∑

i6=o

∑

k

[ak,iα
†
k,iαk,i + bk,i(c

†
iαk,i + hc)]
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The parametersak,i andbk,i correspond to

Σi(z) =
∑

k

b2
k,i

z − ak,i
(107)

The HamiltonianHW is quadratic, and correspond exactly to the Weiss’s
Hamiltonian of the standard theory.

Our mean field HamiltonianHo emphasises the fact that no excitation of
phonon are allowed for the other sites of the lattice, when dealing with the
excitations of a given site.

7 Restricted basis

Consider a restricted basis for the phonons, where excited states are allowed
only for a single site at a time. For the two-site problem, thebasis states are
|n1, 0〉 and |0, n2〉. For a three-site problem, the basis states are|n1, 0, 0〉,
|0, n2, 0〉, and |0, 0, n3〉. For a lattice withM sites, the dimension of the
phonon basis is(MP + 1), if we allow P excitations for a given site.

If we compute the local Green’s fonction for the sitei, with the equa-
tions of evolution, we obtain the simple result, which corresponds to a local
approximation,

zG0,0
i,i (z) = 1 + (ε0 + Σ

(0)
i (z))G0,0

i,i (z) − t0
∑

δ

G0,0
i+δ,i(z) (108)

or

G0,0
i,i (z) =

1

z − ε0 − Σ
(0)
i (z) − W

(1)
i (z)

(109)

with
Σ

(0)
i (z) = g2

0ω
2
0Λ1(z;W

(0)
i (z)) (110)

and W
(0)
i (z) is the free Weiss’s self-energy, that is corresponding, in the

RPE, to

G
(0)
i,i (z) =

1

z − ε0
(111)

while W
(1)
i (z) is the Weiss’s self-energy corresponding, in the RPE, to

G
(0)
i,i (z) =

1

z − ε0 − Σ
(0)
i (z)

. (112)
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As an exemple, consider a one dimensional periodic lattice.First, we com-
puteW (0)(z) via

1

M

∑

k

1

z − ε0 + 2t0 cos(k)
=

1

z − ε0 − W (0)(z)
. (113)

Then, we obtainΣ(0)(z) = g2
0ω

2
0Λ1(z;W (0)(z)), and then, we get

1

M

∑

k

1

z − ε0 + 2t0 cos(k) − Σ(0)(z)
=

1

z − ε0 − Σ(0)(z) − W (1)(z)
.

(114)
It is interesting to notice that the expression for this local Green’s function,
Eq (109), corresponds to some Momentum Average Approximation [9] and
to the first iteration of the DMFT solution [10].

The nice thing with this restricted basis, is that we can easily compute
numerically exactly all the Green’s functionGm,n

i,j (z) or G̃m,n
i,j (z) for small

systems. If we perform exact diagonalizations withP excitations, then we
can compare with the analytical results by computingΣi(z) also with P
excitations, i.e. by limiting the continued fraction toΛP (z;Wi(z)). Since
excitations of phonon are allowed only for a given site at a time, we expect
the same structure for these Green’s functions and those of the DMFT, so we
can check the decoupling scheme of the Green’s functions in terms of the
local Green’s functions.

First we can check that the local Green’s functions of the problem

Gm,n
i,i (z) = 〈0, . . . m, . . . , 0|ci

1

z − H
c†i |0, . . . , n, . . . , 0〉 (115)

correspond to

Gi,i(z) =
1

z − ε0 − ω0b†b + g0ω0X − Wi,i(z)
(116)

whereWi,i(z) is the diagonal operator given by
{

W
0,0
i,i (z) = W

(1)
i (z)

W
n,n
i,i (z) = W

(0)
i (z − nω0) for n > 0

(117)

We guess the form ofWi,i(z) from the fact that, when computingG0,0
i,i (z),

we getWi(z) = W
0,0
i,i (z), while Σi(z) involves onlyWn,n

i,i (z) for n > 0.
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Let us consider the open chain of lenghtM = 3. For site1 and3 we
have

W
(0)
1 (z) =

t20

z − ε0 − t20
z − ε0

(118)

and for site2 we have

W
(0)
2 (z) =

2t20
z − ε0

. (119)

From these free Weiss’s self-energies, we compute

Σ
(0)
1 (z) = g2

0ω
2
0Λ1(z;W

(0)
1 (z)) (120)

and
Σ

(0)
2 (z) = g2

0ω
2
0Λ1(z;W

(0)
2 (z)). (121)

Then we get

W
(1)
1 (z) =

t20

z − ε0 − Σ
(0)
2 (z) − t20

z − ε0 − Σ
(0)
1 (z)

(122)

and

W
(1)
2 (z) =

2t20

z − ε0 − Σ
(0)
1 (z)

. (123)

Then we computeG0,0
1,1 (z) andG0,0

2,2 (z) with our local approximation

G
0,0
1,1(z) =

1

z − ε0 − Σ
(0)
1 (z) − W

(1)
1 (z)

(124)

and

G
0,0
2,2(z) =

1

z − ε0 − Σ
(0)
2 (z) − W

(1)
2 (z)

. (125)

We obtain a perfect agreement with the exact result.
Next we computeG0,0

1,2 (z). We start from the exact expression

G1,2(z) = −t0G1,1(z)G2,2[1](z) (126)
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and make the decoupling

G0,0
1,2 (z) = −t0G

0,0
1,1(z)G0,0

2,2[1](z). (127)

We guess that the local Green’s functionG2,2[1](z) is given by

G2,2[1](z) =
1

z − ε0 − ω0b†b + g0ω0X − W2,2[1](z)
(128)

with the diagonal operator






W
0,0
2,2[1](z) = W

(1)
2[1](z)

W
n,n
2,2[1](z) = W

(0)
2 (z − nω0) for n > 0

(129)

and the Weiss’s function

W
(1)
2[1](z) =

t20

z − ε0 − Σ
(0)
3 (z)

. (130)

We thus obtain

G
0,0
2,2[1](z) =

1

z − ε0 − Σ
(0)
2 (z) − W

(1)
2[1](z)

. (131)

We obtain a perfect agreement with the exact result.
Next we computeG0,0

1,3 (z). We start from the exact expression

G1,3(z) = −t0G1,2(z)G3,3[1,2](z) (132)

and make the decoupling

G0,0
1,3 (z) = +t20G

0,0
1,1(z)G0,0

2,2[1](z)G0,0
3,3[1,2](z). (133)

We Guess thatG3,3[1,2](z) is given by

G3,3[1,2](z) =
1

z − ε0 − ω0b†b + g0ω0X − W3,3[1,2](z)
(134)

with the diagonal operator






W
0,0
3,3[1,2](z) = 0

W
n,n
3,3[1,2](z) = W

(0)
3 (z − nω0) for n > 0

. (135)
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We get

G
0,0
33[1,2](z) =

1

z − ε0 − Σ
(0)
3 (z)

. (136)

We obtain a perfect agreement with the exact result.
For G̃0,0

i,i (z), we compute

G̃0,0
1,1 (z) =

∑

m

∑

n

Um,0
G

m,n
1,1 (z)Un,0 (137)

and
G̃0,0

2,2 (z) =
∑

m

∑

n

Um,0
G

m,n
2,2 (z)Un,0. (138)

We obtain a perfect agreement with the exact results.
For G̃0,0

i,j (z), we compute

G̃0,0
1,2 (z) = −t0

∑

m

∑

n

Um,0
G

m,0
1,1 (z)G0,n

2,2[1](z)Un,0 (139)

and

G̃0,0
1,3 (z) = t20

∑

m

∑

n

Um,0
G

m,0
1,1 (z)G0,0

2,2[1](z)G0,n
3,3[1,2](z)Un,0. (140)

We obtain a perfect agreement with the exact results.

8 Decoupling scheme

We apply the decoupling scheme obtained within the restricted basis to com-
puteG0,0

i,j (z) and G̃0,0
i,j (z), within the DMFT, that is, instead to deal with

W
(0)
i (z) andW

(1)
i (z), we use the self-consistent solutionWi(z) given by

the DMFT.
Consider a lattice withM sites and solve the DMFT equations to get

Σi(z) andWi(z). Then construct all the local Green’s functions

G
(0)
i,i (z) =

1

z − ε0 − ω0b†b + g0ω0X − Wi,i(z)
(141)

with the diagonal operator
{

W
0,0
i,i (z) = 0

W
n,n
i,i (z) = Wi(z − nω0) for n > 0

(142)
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Then use the RPE to express any Green’s function in term of these local
Green’s functions and take the expectation value individually.

For the electron, the RPE is just the equation of free particle on the lat-
tice, so we just need

G
(0)
i,i (z) = [G

(0)
i,i (z)]0,0 =

1

z − ε0 − Σi(z)
. (143)

For an infinite system,Σi(z) = Σ(z), and for a periodic lattice, we obtain

G(k, z) =
1

z − ε0 − ξk − Σ(z)
. (144)

For the small polaron, the RPE involve the operatorsUi, so we need to com-
pute[U †

G
(0)
i,i (z)]0,0 = [G

(0)
i,i (z)U ]0,0 or [U †

G
(0)
i,i (z)U ]0,0.

Let us computeG(k, z) andG̃(k, z) for a one-dimensional lattice with
M sites. In this case, we haveΣi(z) = Σ(z) andWi(z) = W (z). We start
with

WM [1,...,M−1](z) = 0 (145)

then compute

Wi[1,...,i−1](z) =
t20

z − ε0 − Σ(z) − Wi+1[1,...,i](z)
(146)

until W2[1](z), and then

W1(z) = W (z) =
2t20

z − ε0 − Σ(z) − W2[1](z)
. (147)

We solve the self-consistent equations forΣ(z) = g2
0ω

2
0Λ1(z;W (z)) and

W (z). Notice that this way to computeW (z), instead of Eq (114), gives a
slightly different result that vanishes forM large enough.

In order to computeG(k, z), we just have to consider

G
0,0
i,i[1,...,i−1](z) =

1

z − ε0 − Σ(z) − Wi[1,...,i−1](z)
. (148)

We start to compute the local Green’s functionG0,0
1,1 (z) that isG0,0

1,1(z), and
then compute

G0,0
1,j+1(z) = −t0G

0,0
1,j (z)G0,0

j+1,j+1[1,...,j](z) (149)
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until G0,0
1,M (z). Then we use the Fourier transform. From a numerical point

of view, it is safer to chooseM odd and to compute

G(k, z) = G0,0
o,o (z) +

(M+1)/2
∑

n=1

2 cos(2πkn/M) G0,0
o,n(z) (150)

In this case, we can compare the numerical result with the standard result of
the DMFT, i.e. Eq (144).

Next, for G̃(k, z), we have to compute the full local operators

Gi,i[1,...,i−1](z) =
1

z − ε0 − ω0b†b + g0ω0X − Wi,i[1,...,i−1](z)
(151)

with










W
0,0
i,i[1,...,i−1](z) = Wi[1,...,i−1](z)

W
n,n
i,i[1,...,i−1](z) = W (z − nω0) for n > 0

(152)

Then we compute

G̃0,0
1,1 (z) =

∑

m,n

Um,0Un,0
G

m,n
1,1 (z), (153)

G̃0,0
1,2 (z) = −t0

∑

m,n

Um,0Un,0
G

m,0
1,1 (z)G0,n

2,2[1](z), (154)

G̃0,0
1,3 (z) = t20

∑

m,n

Um,0Un,0
G

m,0
1,1 (z)G0,0

2,2[1](z)G0,m
3,3[1,2](z), (155)

G̃0,0
1,4 (z) = −t30

∑

m,n

Um,0Un,0
G

m,0
1,1 (z)G0,0

2,2[1](z)G0,0
3,3[1,2](z)G0,m

4,4[1,2,3](z),

(156)
and so on, until̃G0,0

1,M (z). Then we get

G̃(k, z) = G̃0,0
o,o (z) +

(M+1)/2
∑

n=1

2 cos(2πkn/M) G̃0,0
o,n(z). (157)

In this case, we can check that the sum overk corresponds to the local
Green’s function

G̃0,0
1,1 (z) =

1

M

∑

k

G̃(k, z). (158)
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Figure 2: Spectral functions for the electron

In Fig 2 and Fig 3 we show the result for the spectral functionsof the electron

A(k, ω) = −2 ImG(k, z = ω + iη) (159)

and for the spectral functions of the small polaron

Ã(k, ω) = −2 ImG̃(k, z = ω + iη) (160)

The parameters aret0 = ω0 = g0 = 1, ε0 = 0, M = 51, andη = 0.1.
For these values of the parameters, we obtain thatA(k = 0, ω) and

Ã(k = 0, ω) have exactly the same main pic, but we obtain a rather different
physics for the electron and the small polaron. The small polaron of the
atomic limit remains a good quasiparticle.

9 Dressing an electron

We would like to emphasis that they are many ways to define a small polaron
operator, i.e. to dress localy an electron with phonons [4].
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Figure 3: Spectral functions for the small polaron
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Consider the two-site problem and compute the Green’s functions for the
electron

Gm,n
1,1 (z) = 〈m, 0|c1

1

z − H
c†1|n, 0〉 (161)

and

Gm,n
1,2 (z) = 〈m, 0|c1

1

z − H
c†2|0, n〉. (162)

If we use the operatorU to compute the Green’s functions for the small
polaronG̃00,00

1,1 (z) andG̃00,00
1,2 (z), with

G̃00,00
i,j (z) =

∑

m,n

Um,0Gm,n
i,j (z)Un,0 (163)

we obtain, for the first poles, that correspond to the fundamental energy and
the first excited state,

Ep Zp

−1.68848 0.43015
−1.14106 ±0.37575

(164)

SoG̃(k = 0, z) has a main pic withZ ≃ 0.86 while G̃(k = π, z) has a main
pic with Z ≃ 0.75.

Next, following Ref [4], we can also define a small polaron using the
reduced density matrix for a single site. We have, for the eigenstates,

|p) =
∑

j,m1,m2

Ψj,m1,m2
(p) c†j |m1,m2〉 (165)

so, targetting only on one of the eigenstates, we obtain the reduced density
matrix

ρm,n(p) =
∑

m2

Ψ∗
1,m,m2

(p)Ψ1,n,m2
(p) (166)

Then, we diagonalizeρ(p) and getU(p). The first eigenstate withE0 ≃
−1.688 corresponds to the symmetryk = 0 and the next withE1 ≃ −1.141,
corresponds to the symmetryk = π. ForU(0), we get the result

Ep Zp

−1.68848 0.46065
−1.14106 ±0.28247

(167)
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SoG̃(k = 0, z) has a main pic withZ ≃ 0.92 while G̃(k = π, z) has a main
pic with Z ≃ 0.57. ForU(π), we get the result

Ep Zp

−1.68848 0.35216
−1.14106 ±0.41841

(168)

So, this time,G̃(k = 0, z) has a main pic withZ ≃ 0.70 while G̃(k = π, z)
has a main pic withZ ≃ 0.84.

The formalism to compute the non local Green’s functions of the small
polaron within the Dynamical Mean Field Theory, presented in the last sec-
tion, can be used with any local transformation.

10 Conclusion

In this paper we revisited the Dynamical Mean Field Theory ofthe Holstein
Polaron Problem in order to compute the all dynamical correlation functions
for the electron and the small polaron. We introduced a restricted basis for
the phonons in order to check numerically the right decoupling scheme of
the Green’s functions within a local approximation.
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Numerical Stuff

Local self-energy

We make the programberciu.cc to compute the local self-energy for a
system withM sites. First, we compute the free local Green’s function

G0(z) =
1

M

M−1
∑

k=0

t20
z − ε0 − ξk

(169)

with

ξk = −2t0 cos(
2π

M
k) (170)

and then extract the free Weiss’s function using the formula

G0(z) =
1

z − ε0 − W0(z)
(171)

Then we compute the self-energy

Σ0(z) = g2
0ω

2
0Λ1(z) (172)

with

Λn(z) =
1

z − ε0 − nω0 − W0(z − nω0) − (n + 1)g2
0ω2

0Λn+1(z)
(173)

28


